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Department of Mechanical Engineering, The University of Maryland 
Abstract. The performance of a stochastic version of the single commodity balanced trans- 
portation problem is presented in steady state. ln this model, each arc of the network behaves 
as a single server Markovian queueing system. 
Given that the desirable number of units flowing along each arc (e.g., capacity), the acceptable 
probability of finding congestion along each arc in excess of its capacity, the processing rate of 
each arc, the demand rates at the destination nodes, and the supply rates at the source nodes, 
and the transportation cost per unit flow ratealong each arc are given, the total transportation 
cost is minimized such that the total supply rate is equal to the total demand rate, and the 
resulting probability of finding congestion along each arc in excess of its capacity, does not 
exceed the acceptable probability of finding congestion along the same arc in excess of its 
capacity, in steady state. 
INTRODUCTION 
In this paper, we introduce a model to analyze the performance of a single commodity 
balanced stochastic transportation problem in steady state. In this model, the flow of 
units traveling along each arc of the network forms a homogeneous Poisson process, and 
each arc behaves as a single server Markovian queueing system. Moreover, given that the 
desireable number of units flowing along each arc (e.g., capacity), the acceptable probability 
of finding congestion along each arc in excess of its capacity, the processing rate of each arc, 
the demand rates at the destination nodes, the supply rates at the source nodes, and the 
transportation cost per unit flow rate along each arc are known, the total transportation 
cost is minimized such that the total supply rates is equal to the total demand rates, and 
the resulting probability of finding congestion along each arc in excess of its capacity, does 
not exceed the acceptable probability of finding congestion along the same arc, in excess of 
its capacity, in steady state. 
2. THE MAIN RESULTS 
2.a. Notation 
L 
IT 
i 
j 
ai 
bi 
A.. ‘I 
Pij 
number of source nodes. 
number of destination nodes. 
source node index. 
destination node index. 
supply rate at the source node i. 
demand rate at the destination node i. 
maximum allowable flow rate along arc (i, j). 
total transportation cost. 
flow rate along the arc (i, j). 
processing rate of arc (i, j). 
Notice that pij can be interpreted as the average cumulative 
delay along arc (e.g., road) (i, j) due to stopping at the corresponding 
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intersection 
dij transportation cost per unit flow rate of arc (i, j). 
tij required time for an arbitrary unit to travel along arc (i, j). 
nij,P[?tij = ‘].Nij the random variable denoting the number of units found 
along arc (i, j), its probability mass function, and the desirable number 
of units traveling along arc (i,j), respectively. 
Qij acceptable probability of finding congestion along arc (i, j) in excess of Nij. 
2.b. The Model 
The balanced stochastic transportation problem can be stated as follows: 
hlinimize 2 = 2 5 dij Xij 
i=l j=l I 
Subject to: 
K 
c Xij = Ui, i=ltoL 
j=l 
L 
c Xij = bi, j= 1 to li- 
i=l 
P[nij > Nij] 5 aij r i = 1 to L and j = 1 to K 
Xij 2 0, i = 1 to L and j = 1 to I< 
where ai > 0, bj > 0 for i = 1 to L, j = 1 to K, and Cf__, ai = Cy_, bj- 
(1) 
(2) 
(3) 
(4) 
(5) 
In the above chance constrained optimization model, expression (1) quantifies the total 
minimum cost; expressions (2) and (3) guarantee that the total supply rate at each node 
equals its total demand rate; and expression (4) states that the resulting probability of 
finding at least that Nij units along arc (i, j) must not exceed its corresponding acceptable 
probability at arc (i, j); and expression (5) indicates that the flow rate along each arc is 
non-negative. 
2.~. The Algorithm 
To solve the above problem, constraint set (4) will be replaced as follows. 
It is known from the elementary queueing theory that the distribution of the number of 
units in an M/M/l queueing system is geometric, see Kleinrock (1975). That is, 
P(?lij = Kij) = (la 2) ($)“;j, Ii'ij = O,l,... . 
Thus 
P(nij 2 Kij) = ( > 
x;j K0 
Pij 
(6) 
(7) 
Hence, from expressions (7) and (4), Xt can be obtained as follows. 
_ /\t _< /Jij(aij)* (8) 
NOW, because oij < I, X~j < pij. Thus, eliminate constraint sets (5) and (11) and replace 
constraint sets (6) and (12) with the following constraint sets 
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After the above substitutions, the chance constrained optimization model transforms into 
a deterministic linear programming model with bounded variable, which can be solved by 
the corresponding algorithms for solving such linear programming problems. For further 
discussions, see Murty (1976, Ch. 11). 
It is noted that if oij is sufficiently close to zero, then the model could also be used to 
approximate the performance of a compatible queueing network with finite capacity ~U/,%f/l 
queueing systems (e.g., arcs). Because, if aij is sufficiently close to zero, then ;) both the 
loss probability and the overflow rate of the finite capacity M/Al/l queueing system along 
arc (i, j) will also be sufficiently close to zero, ii) the departure rate will be sufficiently 
close to the arrival rate, and iii) the departure process approximately behaves like a Poisson 
process, see Pourbabai (1988). That is, our model could also be used to analyze a class of 
Markovian queueing networks while controlling the blocking of each arc of the network. 
Finally, we conclude this paper by providing a generalization for the proposed model as 
follows. If each arc of the network behaves as a multiserver (e.g., M/M/S) queueing system, 
to modify the original algorithm, expression (6) will be accordingly replaced, see Kleinrock 
(1975), and then to find Xt , the following deterministic non-linear programming problem 
will be solved. 
At = maximum {Xjj 3 P(njj 1 Njj) _< CYjj}. (10) 
For a review of the literature of the non-linear programming algorithms, see Bazarra and 
Shetty (1979). The rest is the same as before. 
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